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1. Introduction.
In the paper [13], a 1-D map related to the dynamics of some evolutionary processes (see, e.g.
recent surveys on evolutionary algorithms and their applications to the study of chaotic dynamics
[14, 15]) was investigated. Later, its extended two-dimensional version was studied in [3]:(
x
y
)
7→
( −ax
1+y2
x+ by
)
, (1)
where a and b are bifurcation parameters. In the paper “Some Open Problems in Chaos Theory and
Dynamics” [4], the following problem was formulated: Find regions in the a–b plane in which the
map (1) is bounded and chaotic in the rigorous mathematical definition of chaos and boundedness
of attractors.
In the present paper, the boundedness of the attractors of the map (1) is studied and the
corresponding analytical estimation of absorbing set is obtained, thereby giving an answer to the
above problem.
Introduce the notation
h(yk) =
−a
1 + yk2
, k ∈ N0. (2)
The eigenvalues and eigenvectors of the map are defined by the following relation:(
xk+1
yk+1
)
= A
(
xk
yk
)
+
(
axkyk
2
1+yk2
0
)
, A =
(−a 0
1 b
)
,
det(A− pI) = det
(−a− p 0
1 b− p
)
= (−a− p)(b− p) = p2 + p(a− b)− ab.
Thus, the eigenvalues are
p = b, p = −a.
For the eigenvalue p = −a, one has(−a 0
1 b
)(
x
y
)
=
(−ax
−ay
)
.
Hence, the corresponding eigenvectors are proportional to(
1
− 1
a+b
)
.
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For the eigenvalue p = b, one has(−a 0
1 b
)(
x
y
)
=
(
bx
by
)
,
and, thus, x = 0.
Next, the following 4 cases are considered, with the associated properties proved:
|a| < 1, |b| < 1: Global asymptotic stability;
|a| < 1, |b| > 1: Existence of unbounded solutions;
|a| > 1, |b| < 1: Localization of nontrivial global attractor;
|a| > 1, |b| > 1: Existence of unbounded solutions.
The cases of |a| = 1 or |b| = 1 are not considered in this paper, which require special consider-
ation therefore will be discussed elsewhere.
2. Case 1: |a| < 1, |b| < 1. Global asymptotic stability.
There exists δ > 0 such that max(|a|, |b|) < δ < 1. Then, |h(yk)| < δ < 1, ∀k, and
|xk| ≤ δk|x0|, ∀k ≥ 0.
Since δ < 1, one has
xk −−−→
k→∞
0.
For yk, one has
|yk+1| = |byk + xk| = |b2yk−1 + bxk−1 + xk|
≤ |b|k+1|y0|+ |b|k|x0|+ |b|k−1|x1|+ |b|k−2|x2|+ · · ·+ |b||xk−1|+ |xk|
≤ |b|k+1|y0|+ (k + 1)δk|x0|.
Taking into account of the fact that |b| < δ < 1, one gets yk+1 −−−→
k→∞
0. Thus, for |a| < 1, |b| < 1,
the global asymptotic stability is confirmed (see Fig. 1).
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Figure 1: Case 1 (|a| < 1, |b| < 1) : a = 0.9, b = − 0.9, x1 = 1, y1 = 1, k = [1, 50].
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3. Case 2: |a| < 1, |b| > 1. The existence of unbounded solutions.
It will be shown that if |a| < 1, |b| > 1, then there exists (x0, y0) such that
|xk(x0, y0)| −−−→
k→∞
0, |yk(x0, y0)| −−−→
k→∞
∞.
For |a| < 1, there exists δ > 0 such that |a| < δ < 1. Then, |h(yk)| < δ < 1,∀k ≥ 0, and
|xk| ≤ δk|x0|, ∀k ≥ 0.
For yk, one has
yk+1 = byk + xk = b
2yk−1 + bxk−1 + xk
= bk+1y0 + b
kx0 + b
k−1x1 + bk−2x2 + · · ·+ bxk−1 + xk
= bk+1y0 + b
k
(
x0 +
x1
b
+
x2
b2
+ · · ·+ xk−1
bk−1
+
xk
bk
)
.
Taking into account the fact that |xk| ≤ δk|x0|, where |a| < δ < 1, one has
|yk+1| ≥ |b|k+1|y0| − |b|k
(
|x0|+ δ
1|x0|
|b| +
δ2|x0|
|b|2 + · · ·+
δk−1|x0|
|b|k−1 +
δk|x0|
|b|k
)
≥ bk+1|y0| − bk
(
|x0|+ δ
1|x0|
|b| +
δ2|x0|
|b|2 + · · ·+
δk−1|x0|
|b|k−1 +
δk|x0|
|b|k
)
.
For the sum of the geometric (infinitely decreasing) series, one has
Sk
(
|x0|, δ|b|
)
= |x0|+ δ
1|x0|
|b| +
δ2|x0|
|b|2 + · · ·+
δk−1|x0|
|b|k−1 +
δk|x0|
|b|k ≤
|x0|
1− δ|b|
=
|b||x0|
|b| − δ .
Therefore,
|yk+1| ≥ |b|k+1|y0| − |b|k
(
Sk
(|x0|, δ|b|)
)
≥ |b|k+1|y0| − |b|k+1 |x0||b| − δ ≥ |b|
k+1
(
|y0| − |x0||b| − 1
)
.
If |y0| ≥ |x0||b|−1 , then |yk+1(x0, y0)| −−−→k→∞ ∞ (see Figs. 2 and 3).
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Figure 2: Case 2a (|a| < 1, |b| > 1, b > 0) : a = 0.9, b = 1.1, x1 = 0.8, y1 = 0.1, k = [1, 18].
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Figure 3: Case 2b (|a| < 1, |b| > 1, b < 0) : a = 0.9, b = − 1.1, x1 = 0.8, y1 = 0.1, k = [1, 18].
4. Case 3: |a| > 1, |b| < 1. The localization of global attractor.
Let 0 < δ < 1 and introduce the notations
Ry =
√
|a| − 1 + δ|a|, Rx = |b|Ry +
√
a2 − 1 + δa2.
Lemma 1. If |a| > 1 and |b| < 1, then for any |x0| and |y0| > Ry, one has
|x1| < |x0| 1
1 + δ
.
Proof. Since
|x0| − |x1| = |x0|
(
1− |a|
1 + y20
)
≥ |x0|
(
1− |a|
1 +R2y
)
= |x0|
(
1− |a|
1 + |a| − 1 + δ|a|
)
= |x0|
(
1− 1
1 + δ
)
,
one has
|x1| ≤ |x0| 1
1 + δ
.

Lemma 2. If |a| > 1 and |b| < 1, then for |y0| ≤ Ry and |x0| > Rx, one has
|x2| ≤ |x0| 1
(1 + δ)
< |x0|.
Proof. For y1, one has
|y1| = |x0+by0| ≥ |x0|−|by0| ≥ |x0|−|b|Ry > Rx−|b|Ry = |b|Ry+
√
a2 − 1 + δa2−|b|Ry =
√
a2 − 1 + δa2.
Therefore,
a2
1 + y21
<
a2
1 + a2 − 1 + δa2 =
1
1 + δ
< 1
4
and
|x0| − |x2| = |x0| − a
2|x0|
(1 + y20)(1 + y
2
1)
= |x0|
(
1− 1
(1 + y20)
a2
(1 + y21)
)
≥ |x0|
(
1− 1
1 + δ
)
.
Consequently, |x2| ≤ |x0| 11+δ < |x0|.

By Lemma 1 and Lemma 2, one gets the following results.
Corollary 1. For any x0, y0, there exists n ∈ N0 such that
|xn| ≤ Rx.
Corollary 2. If |x0| ≤ Rx, then |xm| ≤ a2Rx, ∀m ≥ 0.
Proof. Let |x1| > Rx. If |y1| > Ry, then |x2| ≤ |x1|. If |y1| ≤ Ry, then |x3| < |x1|. Therefore,
|xm| ≤ max(|x1|, |x2|) ≤ |ax1| ≤ a2|x0| ≤ a2Rx, ∀m > 0.

Lemma 3. If |a| > 1 and |b| < 1, then for |x0| ≤ M and |y0| > M+δ1−|b| , where M > 0 and δ > 0,
one has
|y1| < |y0| − δ < |y0|.
Proof. Since
|y0| − |y1| = |y0| − |by0 + x0| ≥ |y0| − |b||y0| − |x0| ≥ |y0|(1− |b|)− |x0| > M + δ
1− |b| (1− |b|)−M = δ,
one has
|y1| < |y0| − δ < |y0|.

Corollary 3. For |x0| ≤ Rx and |y0| > a2Rx+δ1−|b| , there exists n ∈ N0 such that
|xn| ≤ a2Rx, |yn| ≤ a
2Rx + δ
1− |b| .
Proof. By Corollary 2, one has |xn| ≤ a2Rx, ∀n ≥ 0. By Lemma 3, there exists n such that
|yn| ≤ a2Rx+δ1−|b| .

Lemma 4. If |a| > 1 and |b| < 1, then for |x0| ≤ M and |y0| ≤ M+δ1−|b| , where M > 0 and δ > 0,
one has
|y1| < M + δ
1− |b| .
Proof.
|y1| = |by0 + x0| ≤ |b||y0|+ |x0| ≤ |b|M + δ
1− |b| +M =
M + |b|δ
1− |b| <
M + δ
1− |b| .

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Corollary 4. If |x0| ≤ Rx, then there exists N > 0 such that
|yn| ≤ a
2Rx + δ
1− |b| , ∀n > N.
Proof. By Corollaries 2 and 3, there exists n > 0 such that
|xn| ≤ a2Rx, |yn| ≤ a
2Rx + δ
1− |b| ,
where |xm| ≤ a2Rx,∀m ≥ 0. It follows from Lemma 4 with M = a2Rx that
∀k > n, |yk| ≤ a
2Rx + δ
1− |b| .

Therefore, by Corollaries 1,2 and 4 for any x0 6= 0, y0 6= 0, there exists n > 0 such that, ∀k > n,
|xk| ≤ a2(|b|
√
|a| − 1 + |a|δ +
√
a2 − 1 + a2δ) = a2Rx,
|yk| ≤ a
2(|b|√|a| − 1 + |a|δ +√a2 − 1 + a2δ) + δ
1− |b| =
a2Rx + δ
1− |b| .
Thus, all possible attractors are placed in the above absorbing set. Fig. 4 shows the absorbing set
and a self-excited attractor1.
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Figure 4: Case 3 (|a| > 1, |b| < 1) : a = 2.5, b = 0.1, δ = 0.00001, x1 = 16.59, y1 = 18.44, k = [1, 100].
1 An attractor is called a self-excited attractor if its basin of attraction intersects with any open neighborhood
of an equilibrium; otherwise, it is called a hidden attractor [8, 10–12]. Some recent examples of hidden attractors
in continuous- and discrete-time dynamical systems can be found in [1, 2, 5–7, 9].
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5. Case 4: |a| > 1, |b| > 1. The existence of unbounded solutions
Consider a certain δ satisfying |b|−1 < δ < 1. Let |y0| ≥
√|a| − 1 and |x0| ≤ |y0|(|b| − δ−1).
Then,
|x1| =
∣∣∣∣ −ax01 + y20
∣∣∣∣ ≤ |x0|, |y1| = |by0 + x0| ≥ |by0| − |x0| ≥ δ−1|y0| > |y0|,
and |x1| ≤ |y1|(|b| − δ−1). Therefore,
yk(y0) −−−→
k→∞
∞.
Fig. 5 shows a solution, which tends to infinity.
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Figure 5: Case 4 (|a| > 1, |b| > 1) : a = 1.1, b = 1.1, x1 = 0.01, y1 = 0.01, k = [1, 60].
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